We present the results of calculations of the p 4 and p 6 order low-energy constants for the chiral Lagrangian with tensor sources for both two and three flavors of pseudoscalar mesons. This is a generalization of our previous work on similar calculations without tensor sources in terms of the quark self-energy Σ(p 2 ), based on the first principle derivation of the low-energy effective Lagrangian and computation of the low-energy constants with some rough approximations. With the help of partial integration and some epsilon relations, we find that some p 6 order operators with tensor sources appearing in the literature are related to each other. That leaves 98 independent terms for n-flavor, 92 terms for three-flavor, and 65 terms for two-flavor cases. We also find that the odd-intrinsic-parity chiral Lagrangian with tensor sources cannot independently exist in any order of low-energy expansion.
be found in [14] , which makes discussions about the high order effects of the chiral Lagrangians even more difficult and complex. Compared to dealing with higher order chiral Lagrangians, adding tensor sources is relatively less heavy and realistic work is possible. Originally, LECs were fixed via the experimented data. Now, because more LECs have appeared for high orders, and sufficient experimental data are lacking, we can no longer solely rely on experiment to determine these LECs. Calculations of LECs from various models or underlying QCD have subsequently developed and become popular. Indeed, not only experimented data, but theoretical calculations are also needed. With these calculations, we can check the correctness of the models or the theory. As members in the community of calculating LECs, we have calculated the p 4 order LECs in [15, 16] , and then the p 6 order calculations in [17, 18] , including the normal and the anomalous parts, for two-and three-flavors cases. In this paper, we will extend our work to the tensor sources, based on the first principle derivation of the low-energy effective Lagrangian [19] and computation of the LECs with some rough approximations 1 [15] and present all LECs up to the p 6 order [21] . In Euclidean space, the chiral Lagrangian includes the real and the imaginary parts. The real part is related to the even-intrinsic-parity sector, and the imaginary part is related to the odd-intrinsic-parity sector. As the tensor source terms always appear with σ µν , we can use the following Eq.(1) to interchange even-and odd-intrinsic-parity sectors.
It implies that when calculating the tensor source parts, one needs to include both real and imaginary parts [22] 2 . This paper is organized as follows: In Sec. II, we review our previous calculations on the real part of the chiral Lagrangian from p 2 to p 6 order and add in the tensor sources. In Sec. III, we review our previous calculations on the imaginary part of the chiral Lagrangian up to p 6 order and add the tensor sources. In Sec. IV, we collect the differences in convention between our paper and Ref. [10] and discuss the possible dependent operators. In Sec. V, we give our p 4 order results with tensor sources, and Sec. VI presents our p 6 order results. Sec. VII is a summary.
II. CALCULATIONS INVOLVING THE REAL PART OF THE CHIRAL LAGRANGIAN FOR ORDER p 2 UP TO p 6 WITH TENSOR SOURCES
We have calculated the real part of chiral Lagrangian from p 2 to p 6 order without tensor sources in Ref. [17] . Using the same method, we can also deal with the tensor source part. For convenience, we give a short introduction here, while adding in these external tensor sources.
The difference from Ref. [17] is the external tensor sourcest µν . Adding them in the original external sources v µ , a µ , s, p denoted as scalar, pseudoscalar, vector and axial-vector sources, respectively, we get the complete sources set as follows
From the original QCD, the Lagrangian can be written as the QCD Lagrangian, L 0 QCD , plus the external sources part, and the generating functional reads
where ψ, Ψ and A µ are light-quark, heavy-quark, and gluon fields, respectively; U is the pseudoscalar meson field; L ChPT is the chiral Lagrangian; and S eff is the effective action. Because this form of the chiral Lagrangian is explicitly U dependent at the high momentum orders, and is hard to investigate [4, 5] due to its complex U and J structures, we are used to making the chiral rotation to simplify the Lagrangian as [15, 17, 19] J
To separate the tensor sources into even and odd parities, t µν ± , we need the following tensor chiral projectors as Ref.
[10] 
To obtain Eq. (10), we have used the γ-matrix identity Eq.(1), and introducedt ′µν for calculational convenience. After this operation, our definitions have the simple relations as found in [5, 10] (see Appendix A). Using the same method as presented in [17, 19] , we can obtain the effective action S eff introduced in Eq.(3) from the first principle of QCD,
Eq. (12) is the same as Eq. (1) in [17] , but J Ω (the external source J, including currents and densities after Goldstone fields dependent chiral rotation Ω) includes the tensor sources. Φ Ωc and Π Ωc are, respectively, the two-point rotated quark Green's function and the interaction part of the two-point rotated quark vertices in the presence of the external sources; Π Ωc is defined by
with subscript c denoting the corresponding classical field.Ḡ
is the effective gluon n-point Green's function including gluon and heavy-quark contributions and g s is the strong coupling constant of QCD. Note that the last two terms in the rhs. of Eq.(12) can be shown to be independent of the pseudoscalar meson field U or Ω and therefore are just irrelevant constants in the effective action, while the second and third terms represent the variations of the path integral measure of the light-quark field ψ. The remaining first term relies on Π Ωc . Φ Ωc and Π Ωc are related by the first equation of (13) and determined by
whereΞ is a Lagrangian multiplier which ensures the constraint tr (14) is the Schwinger-Dyson equation (SDE) in the presence of the rotated external source. In Ref. [15] , we have assumed the ansatz solution of (14) to be in the approximate form
where Σ is the quark self-energy which satisfies the SDE (14) with vanishing rotated external source. Under the ladder approximation, this SDE in Euclidean space-time is reduced to the standard form of
where C 2 (R) is the second order Casimir operator of the quark representation R. In our case, quarks belong the SU (N c ) fundamental representation; therefore C 2 (R) = (N second term of it. α s (p 2 ) is the running coupling constant of QCD which depends on N c and the number of quark flavors. With these approximations, the action (12) of the chiral Lagrangian becomes
We have proved that the second and the third terms in (17) only provide the contribution correlating to Wess-ZuminoWitten term. In the large N c limit, if we do not focus on Wess-Zumino-Witten terms, we can neglect them.
Because in Minkowski space, it is not convenient to perform the computation, we perform the Wick rotation to change Eq. (17) to Euclidean space, with the metric tensor g µν = diag(1, 1, 1, 1);
Here
µ Ω transform as x µ , whereast Ω,µν are considered as (axial-)vector-(axial-)vector combined. Eq.(17) in Euclidean space is
With the help of the Schwinger proper time method [23] , the real part (or, equivalently, the even-intrinsic-parity part or the normal part) of Trln[· · · ] in Euclidean space-time can be written as
Where a cutoff Λ is introduced into the theory to regularize the possible ultraviolet divergences. O is the old operator without tensor sources in [17] , and N is the new operator with tensor sources
If we calculate Eq.(21) directly, it is not explicitly chiral covariant for each term in the calculation. In order to recover the chiral covariant form to get the LECs, we would need to collect the relevant terms together by hand, which consumes too much time. Fortunately, we found a method of keeping the chiral covariance at each step in the low-energy expansion computation [24] , and we used it successfully to obtain the LECs of the real part without tensor sources [17] . We introduce it here briefly. Use the relations
Substituting (25) into the integrand in (21), we change it to
whereÕ is the original exponent without tensor sources, which can be found in Eqs. (14) and (15) in Ref. [17] , andÑ is the new operator with tensor sources. We havẽ
whereÕ
T . With Eqs. (21) and (27) , we get
B can be found in Eq. (17) of Ref. [17] , and B t = −τÑ . Expanding Eq.(30) in powers of momentum, theoretically, we can get all orders of the chiral Lagrangian. Before giving our result, we need to discuss the difference between our paper and Ref. [10] ; this will be done in Sec. IV.
III. CALCULATIONS INVOLVING THE IMAGINARY PART OF THE CHIRAL LAGRANGIAN FOR
Because of Eq.(1) or, equivalently (39) below in the next section, all the odd-intrinsic-parity sectors of the chiral Lagrangian can be changed to the even-intrinsic-parity sectors. If one keeps t + and t − explicit, then the odd-intrinsicparity sector is redundant and can be shown to be equivalent to even-intrinsic-parity operators. If instead only one of the two (t + or t − ) is used, then odd-intrinsic-parity operators are present. In Euclidean space, the odd-intrinsic-parity sectors belong to the imaginary parts. In other words, in Euclidean space, we can interchange the imaginary and real tensor source dependent parts. But in this section, we also call the parts without using Eq.(1) imaginary parts. Now we deal with the imaginary parts of Eq. (20) as a compensation of real parts discussion in Sec.II. We have calculated the p 6 order imaginary part's LECs without tensor sources in Ref. [18] . Using the same method, we can also compute the contributions involving the tensor source part. We repeat the process here, adding the tensor source.
First, to confirm the Wess-Zumino-Witten terms, we need to introduce a fifth-dimension integral. We now write Ω, in Eq.(4), as Ω = e −iβ and further introduce a parameter t dependent rotation element Ω(t) = e −iβt . With the help of relations Ω(1) = Ω and Ω(0) = 1, Eq. (20) becomes
with
with Ω replaced by Ω(t). Second, because we only focus on the meson terms, adding in an extra pure source makes no sense for the results. We insert an extra pure source term, setting t = 0 in (31), with the help of
we can further proceed to express the chiral Lagrangian in terms of an integration over the parameter t.
We only need to calculate the Σ dependent terms in Eq.(33), because the Σ independent terms are related to the contact terms [17] . Finally, as in [18] , expanding (33) to p 4 order, we can get the Wess-Zumino-Witten term and terms related to the tensor source. Furthermore, to the p 6 order, including the tensor source, we can get the imaginary part we need. The particular calculation after expanding (33) will be introduced in Sec.V B.
IV. CONVENTION DIFFERENCES AND INDEPENDENT OPERATORS
To accord with our original results and for computational convenience, we make the following changes in this paper:
• To match Ref. [5] and our original results in Ref. [17] , we define
comparing this with
of Ref. [10] . Here χ + , χ − and u µ are analogous to s Ω , p Ω and a Ω in our notation (see details in Appendix A).
• To match the coefficients' dimensions for a given order, i.e., all the coefficients in a given order have the same dimensions, we change t µν ± in Table 2 in [10] to b 0 t µν ± , the analog of τ µν defined in [10] . Now, all the coefficients in the p 4 order are dimensionless, whereas in the p 6 order, their dimensions are GeV −2 .
• Via partial integration and the application of the equations of motion, Y 115 and Y 116 are not independent. We list the new relations in Appendix B.
• Ref. [10] does not consider the epsilon relations
Combining with Eq.(5.3) in [10] ,
one can reduce t − t − → t + t + and t − t + → t + t − , i.e., changing even t − to the corresponding t + , and exchanging the order of t + and t − . For example
Hence even t − terms and some · · · t − · · · t + · · · terms are not independent 3 . We substitute the epsilon relations in Y i , i = 23 − 30, 53, 56, 81, 83, 89, 91, 93, 104, 105, 109 − 111, 118, 119, finding that most terms lead to new relations. We list all the new relations in Appendix B. All the terms in the lhs of (B1) are considered to be dependent and reducible. We find that, in total, there are 22 additional dependent operators in the n-flavors case, 21 in the three-flavor and 13 in the two-flavor cases, leaving 98 independent operators for n flavors, 92 for three flavors, and 65 for two flavors. In Sec. IV of Ref. [17] , we found the result that without quark self-energy, all the coefficients, except contact terms, must vanish. Now in the present work, if we similarly ignore the quark self-energy, without relations (36)-(39), we cannot obtain these zero results. Instead, with relations (36)- (39), we do reproduce the vanishing result. This shows the importance of relations (36)-(39) in the computation.
• Also, with (36)-(39), adding (41)
one can remove all epsilons for the tensor source terms in the chiral Lagrangian as follows. First, even epsilons can be changed to g µν , and odd epsilons can be reduced to 1. Second, in one-epsilon terms, one can change t + to t − or t − to t + with the help of (39), leaving only two epsilons. Finally, using (36)- (38) and (41), all the epsilons can be removed. In other words, there do not exist the odd-intrinsic-parity parts with tensor sources at any order of the low-energy expansion, if one keeps t + and t − as building blocks and changes them with Eq.(1).
V. THE p 4 ORDER CHIRAL LAGRANGIAN WITH TENSOR SOURCES A. Real part
With the same method used in Ref. [17] , we can expand the exponent in Eq.(30) to the order p 4 . Ref. [10] had given us the p 4 order Lagrangian of the form
Considering that our computation is done under the large N c limit, if we only expand Eq.(30), but do not consider the equations of motion,
terms in the chiral Lagrangian with two or more traces vanish. To avoid unnecessary complications, in this paper we retain in the calculation only those terms with one-trace:
Expanding Eq.(30), we get the analytic results as
and the relations between λ n and Λ n are
The numerical results are listed in the second and sixth columns in Table II .
B. Imaginary part
As in Ref. [18] , we can expand the exponent in Eq.(33) to the p 4 order. Using (39), we change t ± to t ∓ , absorb the ǫ factors, and finally, get the results
The termsō n are listed in Table I , and z n are listed in Eq. (53). 
Combined with Eqs. (42), (52), (55), (56), we get 
We chooseō 1, 3, 8 as independent operators to calculate Λ n , leaving the other five equations as strict constraints. The analytical results are
In Eq.(60), we find that unlike those terms without tensors, which result in a fifth-dimension integral as Wess-ZuminoWitten terms, the tensor source terms can be fully worked out in the fourth dimension for the p 4 order. The numerical results are listed in the third and seventh columns in Table II .
As for the definition of b 0 , we take the same spirit as that for B 0 , where we have taken χ = 2B 0 (s + ip) with χ ± = u † χu † ± uχ † u, and let the final p 2 order of the chiral Lagrangian appear as L 2 = 4 (u µ u µ + χ + ) [5] .
C. Numerical results
In Table II , we list our p 4 order LECs with tensor sources for cutoff Λ =1000 +100 −100 MeV in Eq.(21). The 10% variation of the cutoff is considered in our calculation to examine the effects of cutoff dependence and the result change can be treated as the error of our calculations. The results are taken as the values at Λ = 1GeV. The superscript is the difference caused at Λ = 1.1GeV and the subscript is the difference caused at Λ = 0.9GeV, i.e. 4 ,
Λn,Λ=1.1GeV−Λn,Λ=1GeV
Λn,Λ=0.9GeV−Λn,Λ=1GeV
.
The LECs include three and two flavors both from the real part, Λ r,n , and the imaginary part, Λ i,n . We also list the sum Λ n = Λ r,n + Λ i,n . We get b 0 = 1.32 [10] . The details can be found in Sec. IV. Λr,n come from the real part, and Λi,n come from the imaginary part, Λn are their sum. 
To compare with our original results, the parameters we use to get Table II are the same as Refs. [17, 18] 5 . We choose the running coupling constant from Ref. [25] to solve Eq.(16), and we get the same quark self-energy as Fig.  2 in Ref. [15] , but adding the two-flavor case. Except for the quark self-energy, we need another input parameter F 0 , the p 2 order coefficient in the chiral Lagrangian. We set F 0 = 87MeV to get F π of about 93 MeV [17] .
To A em ]. The magnetic susceptibility of the quark condensate χ is
which leads to χ ψ ψ = −4Λ 1 b 0 . In the case of Λ = 1GeV, we obtain
Comparing this result with those in Refs. [26] [27] [28] , gives the results, −(8.16±0.41)GeV −2 , −2.7GeV −2 and −3.3GeV −2 , respectively. There is a factor of 1 ∼ 3 difference between our result and the references. Although we choose F 0 = 87MeV instead of F π = 92.4MeV in the quark condensate, it will decrease the absolute value of our result a little bit, but the correction is not enough. We leave the investigation of this discrepancy to future studies.
VI. THE p 6 ORDER CHIRAL LAGRANGIAN WITH TENSOR SOURCES A. Real part
Continuing our process in Sec. V, we can obtain the p 6 order results directly. Before listing our results, we first introduce the existing results. Ref. [10] gave the p 6 order Lagrangian as follows, 
Here, we use the notation Y n , O n , P n to denote n, three and two flavors' independent monomials, which can be found in Table 2 in Ref. [10] , and
T n for their coefficients. For reasons in Sec. IV and Appendix B, some of them are not independent, but we use the same numbers. If one monomial is not independent, we just neglect it.
In our calculation, expanding Eq.(21) as the p 4 order, we only get one trace terms without the equation of motion
The termsŌ n are the p 6 order operators we can obtain from our calculation, and Z T n are the corresponding coefficients. For those operators with more than one derivative, for exampleŌ 66 
,Ω , the derivatives are arranged in such a way that each V Ω,µ ν and t +,Ω,νλ has a derivative and we do not put two derivatives in one operator. We list all operators in Table III . With the help of a computer, we can get the coefficients Z T n , listed in Appendix C. Making use of Table VI, relations for our coefficients Z T n and K T n , listed in Appendix D can be obtained directly. Combining Appendixes B, C, and D and using the parameters in Sec. V C, we obtain both two and three flavors numerical results, and list them in the second and sixth columns in Table V.
B. Imaginary part
As in Sec. V B, continuing our process to the p 6 order, we can derive the p 6 order LECs too. In the large N C limits, without using the equations of motion, and removing the contact terms, we get 56 independent terms,Ō T,W n , and list them in Table IV . We also list their relation to Y i of Ref. [10] . As in Eq.(44), in p 6 order, we get 
where K 
and 
C. Numerical results
In Table V , we list our p 6 order LECs with tensor sources, including the three-and two-flavor case, and the results for the real and the imaginary parts. Similar to the p 4 order, we calculated the values with Λ = 1GeV, and use the 
superscript and subscript to denote the differences caused with Λ = 1.1GeV and Λ = 0.9GeV, respectively:
C T n,Λ and c T n,Λ denote the three-and two-flavors cases, respectively. Because of the relations given in Appendix B, some terms are not independent, we denote their coefficients by the symbol "−". In Ref. [10] , the coefficients were multiplied by a suitable power of b 0 to express these with the same dimensional units. We choose b 0 at the end in Sec.V B. T n denote the three-flavor coefficients, and c T m denote two flavors. n, m are the number of independent monomials in [10] with some difference. The subscripts r, i denote the LECs from the real part and imaginary part of the chiral Lagrangian. As some monomials are not independent, we denote their coefficients by a preceding symbol "−". The details can be found in Sec. IV. The value ≡ 0 means that the constants vanish in the large NC limit. 
The calculation process is too complicated; to avoid possible mistakes, the expansion in Eqs.(30) and (33) and most of the other calculations are done by computer. To check the correctness of our results, we examine them in various alternative ways. First, because these results contain the original results in [17, 18] , if we switch off the tensor sources, as a check, we must recover the original results. Second, some terms in Table III and the p 6 order operators in Table V have two parts; we calculate them separately. C, P and Hermitian invariance constrain the two parts of the coefficients to be equal(or with a minus sign difference). Our analytical results for the separate parts must give the same coefficients. Third, if we switch off the quark self-energy, all the LECs, except the contact terms', must be zeros [17] . This places a strong restriction on our results. We found that this restriction can be realized only when we use the new relations given in Appendix B. Fourth, in the p 6 order, because of the strict constraint conditions in Eq.(59), we have 339 − 56 = 283 constraint conditions. They are also a strong restriction on our results. With all the above assessments, we are confident of the reliability of our numerical results for LECs.
Ref. [10] told us that operators contributing to the odd-intrinsic-parity part with tensor fields start from the p order, and we showed in Sec. IV that the odd-intrinsic-parity parts with tensor fields cannot independently exist. So we have obtained all the LECs to the p 6 order, with scalar, pseudoscalar, vector, axial-vector and tensor sources, including the normal and anomalous parts, and two-and three-flavor cases. We found that in our method, all the contact terms' coefficients are divergent, except H 1 in the p 4 order normal part.
VII. SUMMARY
To summarize our results, we extended our previous computation for LECs in Refs. [15, 17] include tensor sources, and obtain all LECs of order p 4 and p 6 for the chiral Lagrangian. We find that the operators given in Ref. [10] are not all independent because of certain relations involving epsilon. Adding these relations, we can reduce 22 operators for n-flavor, 21 for three-flavor case, and 13 for two-flavor case, leaving 98 independent operators for n-flavor, 92 for threeflavor, and 65 for two-flavor cases. Our LECs are presented with numerical values for both two-and three-flavors cases. We also find that the odd-intrinsic-parity parts chiral Lagrangian with tensor sources cannot independently exist. Thus, up to the p 6 order, we have already given all the LECs' values, although, in obtaining these values, we have made many approximations. As a first step in estimating values, these results not only provide the sign and order of magnitude, but also the quantitative information of LECs. With improvements in the computation procedure, we expect more precise results to be obtained in the future. Another direction of research is applying the present chiral Lagrangian with tensor sources, adding the known LECs to various low-energy (π, K, η) processes. We hope more physical results can be obtained. [10] (first and third columns) and those defined in the current paper (second and fourth columns).
Ref. [10] Present paper Ref. [10] Present paper ∇ In this appendix, we list the new relations when using the epsilon relations in Sec. IV. The left-hand sides of (B1) are considered to be dependent and reducible. 
